
Chapter 1 – Spaces/Chapter 17 – Annihilators problem 8, p. 27

(c) We need to show (m + n)◦ = m◦ ∩ n◦ and (m ∩ n)◦ = m◦ + n◦. Note
that

m ∩ n ⊂ m, n

(m ∩ n)◦ ⊃ m◦, n◦

Thus
(m ∩ n)◦ ⊃ m◦ + n◦ (1)

But then it follows (by applying ·◦ to all sets) that

(m◦ ∩ n◦)◦ ⊃ (m◦)◦ + (n◦)◦

m◦ ∩ n◦ ⊃ m+ n (2)

From (1) also follows that

dim (m ∩ n)◦ ≥ dim (m◦ + n◦)

Letting N = dim (V),m = dimm, n = dim (n), we have

N − dim (m ∩ n) ≥ dim (m◦) + dim (n◦)− dim (m◦ ∩ n◦)

N − (m+ n− dim (m+ n)) ≥ N −m+N − n− dim (m◦ ∩ n◦)

dim (m+ n)) ≥ N − dim (m◦ ∩ n◦)

dim (m◦ ∩ n◦) ≥ N − dim (m+ n)) (3)

Now, (2) and (3) together imply that

m◦ ∩ n◦ = (m+ n)◦

and in a similar way as (2) follows from (1), we may turn this formula into
(m ∩ n)◦ = m◦ + n◦).
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