Chapter 4 — Integration on Chains

1 - Algebraic Preliminaries

Exercise 4 (page 85)

Since dim(A™(R)) = 1, and since w € A™(V) implies that f*w € A"(R"),
we know that f*w = cdet for some ¢ € R. To find out ¢, we evaluate this
equation at (eq,...,e,):

€1
ffw(er,...,ep) =cdet | + | =¢
€n
or
w(f(er), ..., flen)) =c
Applying Theorem 4-6, we get

det(ai;) - w(v,...,v,) =c

where {v;};_, is a basis for v and the a;; are defined by f(e;) = > 7, a;v;.

By hypothesis, [f(e1),..., f(e,)] = p so that det(a;;) = 1. Also, since w is
the volume element w.r.t. p and T, we get w(vy,...,v,) = 1, so we conclude
¢ =1. Thus f*w = det follows.

4 - The Fundamental Theorem of Calculus

Exercise 29 (page 105)

To show ezistence, define A = [w = fol fdz, and g(z) = [ fdz — Az. By
Theorem 4-7, we calculate dg = Dg -dx. Dg = f — A, so dg = w — Adx
follows. Also note that g(0) = fUO fdr —X-0=0, and g(1) = fol fdx — X =

[ fdz — [ fdz =0, s0 g(0) = g(1) = 0.
To show wuniqueness, suppose that w — Adx = dg, where g(0) = g(1).

Integrating, we get
1 1
/ w—\= / dg
0 0

By Stoke’s theorem, we have [ dg = g(1) — g(0) = 0,50 A = [, w = [} fdu.
So the A is completely determined by f, and is thus unique.
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Chapter 4 — Integration on Chains

Exercise 34 (page 108)

(a) Following the definitions, we have

ICpc = —(Cra)a,0+(Cra)an+(Cra) 20— (Crae)en—(Cra) s+ (Cra) s

where

(Cra)eon(s,v) = Cra(s,0,v) = F(s,0) — G(s,v)
(Cra)en(s,v) = Cra(s,1,v) = F(s,1) — G(s,v)
(Cra)so)(s,u) = Cpa(s,u,0) = F(s,u) — G(s,0)
(Cra)sn(s,v) = Cra(s,u, 1) = F(s,u) — G(s, 1)

Since each Fj is closed, i.e. F(s,0) = F(s,1), for all s, we see that

(Cra)eon = (Cra)e:

Similarly, since each G is closed, (Cra)@o) = (Cra)si). Thus, the
only surviving terms of 0Cy, are those due to (Cra)a,0) and (Crea)a,1y. So
8OF70 = OF1,G1 - CFO,GO follows.

(b) If dw = 0 then by (a) and Theorem 4-13 (Stoke’s theorem), we get

0 :/ dw :/ w :/ w —/ w
Crac 0Cr,c Cry,Gq Cry,Go

so we conclude fCF1,G1 W= fCFO,GO W
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